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a b s t r a c t

A mathematical model is presented that can be used to study the heat and mass transfer mechanisms
that determine the dynamic behavior of the primary and secondary drying stages of spray freeze drying
(freeze drying of particle based materials) in trays and in vials on trays. Simulation results indicate that
particle based materials require longer primary drying times than solution based materials (conventional
freeze drying) due to (a) reductions in the heat and mass transfer capabilities of particle based materials,
and (b) the development of a secondary porous dried layer near the surface of the lower heating plate
during the primary drying stage of the spray freeze drying process. The results of spray freeze drying
for the systems studied in this work indicate that the drying rate during the primary drying stage
increases as (i) the product height decreases, (ii) the particle diameter increases, and (iii) the value of
the packing porosity increases. The mathematical model presented in this work is considered to offer a
necessary and essential capability that could be used for the design, optimization, and control of the spray
freeze drying process as well as of a process involving the drying of frozen particles in packed beds.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In the process of spray freeze drying [1–9] which involves the
freeze drying of particle based products, a liquid stream that repre-
sents the solution of the solute (product of interest) and solvent
(e.g., water) is atomized, frozen by contact with a freezing medium
such as liquid nitrogen or a cold gas stream, and the frozen solvent
is removed by sublimation during the primary drying stage by
maintaining in the drying chamber pressure and temperature con-
ditions below the triple point of the solvent (e.g., water). The
sorbed (bound) solvent that remains in the matrix of the solute
after the completion of the primary drying stage, is then further re-
duced by desorption during the secondary drying stage of the
freeze drying process [10–14]. The low temperature and pressure
conditions of spray freeze drying allow the stable dehydration of
heat sensitive materials (e.g., pharmaproteins) with minimal qual-
ity degradation and also support the formation of highly porous
structures inside the particles of the materials. The porous particles
that are obtained from the spray freeze drying process have rela-
tively small aerodynamic diameters (usually smaller than 5 lm)
and large geometrical diameters (usually larger than 10 lm) and,
thus, spray freeze drying represents a highly promising technology
for the production of porous particles whose physical and aerosol
ll rights reserved.

: +1 314 965 9329.
characteristics are considered to be ideal for use in pulmonary drug
delivery [1–4,6,8]. Furthermore, researchers have reported that
spray freeze drying has the potential of being a process of choice
in drug production not only for pulmonary drug delivery, but also
in the processing of low water soluble drugs [5,9], the production
of powders for epidermal immunization [6,7], and the preparation
of particles for micro-encapsulation [1,2].

While the conventional freeze drying process employed in the
pharmaceutical, fine chemicals, and biotechnology industries in-
volves the freeze drying of solution based products where a liquid
solution of a solute of interest is frozen on trays or in vials on trays
followed by the primary drying stage where there is no water (sol-
vent) vapor movement in the saturated frozen region (frozen solu-
tion) of the material and sublimation occurs in a very narrow
region so that a moving sublimation interface is considered to exist
and has been observed experimentally [10–19], spray freeze drying
involves the packing of frozen particles in containers and, thus, a
packed bed [20,21] of frozen particles is formed which has a porous
structure that makes the frozen region of the material to be unsat-
urated during primary drying because the space of the frozen
region formed by the packed frozen particles is partially filled with
frozen liquid solution (frozen particles) and partially filled with gas
(water vapor and inerts) which moves through the pores of the
unsaturated [22–24] porous frozen region by convection and diffu-
sion during primary drying, as per Fig. 1a and b. In effect, spray
freeze drying involves the drying of unsaturated porous frozen
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Nomenclature

cp heat capacity (kJ/kg)
csw concentration of bound (sorbed) water (kg water/kg

solid)
C01 constant dependent only upon the structure of the por-

ous medium and giving relative Darcy flow permeability
(m2)

C1 constant dependent only upon the structure of the por-
ous medium and giving relative Knudsen flow perme-
ability (m)

C2 constant dependent only upon the structure of the por-
ous medium and giving the ratio of bulk diffusivity
within the porous medium to the free gas bulk diffusiv-
ity (dimensionless)

dice diameter of ice core in particle (m)
dp diameter of particle (m)
dpore mean pore diameter of porous layer formed from the

packing of the particles (m)
Dw,in free gas mutual diffusivity in a binary mixture of water

vapor and inert gas (m2/s)
D0

w;in Dw,inP (N/s)
H(t, r) geometric shape (as per Fig. 1b) of the moving interface,

a function of time and radial distance (m)
k thermal conductivity (W/K m)
k1 bulk diffusivity constant, k1 ¼ C2D0

w;inKw/(C2D0
w;inþ

KmxP) (m2/s)
k2, k4 self-diffusivity constant, k2 = k4 = (KwKin/(C2D0

w;inþ
KmxP))+(C01/lmx) (m4/N s)

k3 bulk diffusivity constant, k3 ¼ C2D0
w;inK in=

ðC2D0
w;in þ KmxPÞ (m2/s)

kdes rate constant in the desorption mechanism of bound
water, Eq. (6) (s�1)

Kw Knudsen diffusivity for water vapor, Kw = C1(RgT/Mw)0.5

(m2/s)
Kin Knudsen diffusivity of inert gas, Kin = C1(RgT/Min)0.5

(m2/s)
Kmx mean Knudsen diffusivity for binary gas mixture,

Kmx = ywKin + yinKw (m2/s)
L length (height) of material in tray or vial (m)
mw amount of free water in material (kg/m2)
M molecular weight (kg/kmol)
N mass flux (kg/m2 s)
p partial pressure (Pa)
psat

w saturated water vapor pressure (Pa)
P total pressure (Pa)
Pdcham pressure in drying chamber (Pa)
q heat flux (W/m2)
r space coordinate of radial distance (m)
R radius of vial (m)
Rg ideal gas constant (J/K mol)
S ice saturation, Eq. (7) (dimensionless)

Sav volume-averaged ice saturation, Eq. (16) (dimension-
less)

t time (s)
T temperature (K)
TX temperature at surface of moving interface (K)
V velocity of moving interface (m/s)
x space coordinate of distance along the length (height) of

the material in the tray (m)
X position of moving interface in the material in the tray

(m)
y mole fraction (dimensionless)
z space coordinate of distance along the length of the vial

(m)
Z value of z at the moving interface in the vial (m)

Greek letters
DHs heat of sublimation of ice (J/kg)
DHv heat of vaporization of bound water (J/kg)
ep particle porosity (dimensionless)
epb porosity of the bed formed by the packed particles

(dimensionless)
f parameter defined in Eq. (31) (dimensionless)
lmx viscosity of vapor phase in the pores (kg/m s)
q density (kg/m3)
s tortuosity (dimensionless)

Superscripts
o initial value

Subscripts
d dried particle based material after primary drying
d,s dried solution based material after primary drying
d,s,f dried solution based material when frozen and sorbed

water have been removed
e effective
f frozen particle based material
f,s frozen solution based material
g gas
I region I, porous dried layer
II region II, unsaturated porous frozen layer
in inert gas
interf moving interface
lp lower heating plate
m melting
mx binary mixture of water vapor and inert gas
pd primary drying stage
scor scorch
t total
up upper heating plate
w water vapor
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media while conventional freeze drying involves the drying of sat-
urated nonporous frozen solutions. But this is a very significant dif-
ference because in spray freeze drying the pore structure formed
by the packed frozen particles provides transport channels (pores)
for the movement (transport) of water (solvent) vapor in the
unsaturated porous frozen region of the material being dried.
Therefore, in spray freeze drying, in order to satisfy, as the water
vapor moves through the pores of the frozen region, the local ther-
modynamic equilibrium and mass balance of water vapor, the ice
(frozen solvent) will be sublimated or the water vapor will be con-
densed in the voids represented by the pores of the frozen region,
and, thus, the saturation of frozen mass will decrease or increase.
Wang and Shi [25,26] studied the sublimation–condensation phe-
nomena taking place during microwave freeze drying of beef and
called this region where changes in the saturation of frozen mass
occur, a sublimation–condensation region . It is also important to
indicate clearly here that in spray freeze drying each frozen parti-
cle during drying produces a porous structure of its own as the ice
sublimates (as per Fig. 1c), and the pore structure of the dried par-
ticle depends on the initial formulation of the solution and the size
distribution of the ice crystals that were formed [14,15] during the
spraying of the solution into a freezing medium. Thus, the porous
structure of the dried region of the material that is obtained during
the primary drying stage of spray freeze drying is bidisperse
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Fig. 1. (a) Diagram of a material being spray freeze dried in a tray (bulk spray freeze drying). (b) Diagram of a material being spray freeze dried in a vial on a tray. (c)
Depictions of the frozen solvent (water) in a frozen particle and the pores resulting from the sublimation of frozen water during the primary drying stage to form a porous
dried particle.
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because the void space of the packed frozen particles is character-
ized by a pore size distribution and pore connectivity [27–29] that
are different than the pore size distribution and pore connectivity
that characterize the pore structure resulting from the drying of
the individual frozen particles. In spray freeze drying the porous
frozen region (partially saturated region) of the material being
dried is separated from the porous dried region obtained during
primary drying, as per Fig. 1, by a moving sublimation front, while
in conventional freeze drying the moving sublimation front sepa-
rates the nonporous frozen solution region (saturated region) from
the porous dried region obtained during primary drying [10–14].

The increasing importance of spray freeze drying in the produc-
tion of pulmonary inhalable drugs, in the processing of low water
soluble drugs, in the production of powders for epidermal immuni-
zation, and in the preparation of particles for micro-encapsulation,
requires knowledge about the heat and mass transfer mechanisms
involved in the primary and secondary drying stages of the spray
freeze drying process in order to construct control policies that re-
duce the long drying times and intensive use of energy to maintain
the required operational conditions in the drying chamber, con-
denser, and vacuum pump system of the freeze dryer, so that in-
creased productivity and lower operational costs could be
realizable. Therefore, in order to establish both qualitative and
quantitative control policies for the heat input, drying chamber
pressure, and condenser temperature that can reduce substantially
the drying times and exergy losses during the primary and second-
ary drying stages of spray freeze drying, as has been done for con-
ventional freeze drying [10–12,14,15,17,18,30–36], a dynamic
mathematical model that accounts properly for the heat and mass
transfer mechanisms that are active in spray freeze drying during



Table 1
Expressions and values of the physical parameters

cpd,s = 2590 J/kg K
cpf,s = 1930 J/kg K
cpg = 1616.6 J/kg K
co

sw ¼ 0:6415 kg water=kg solid
ðDw;inÞi ¼ ð4:342� 10�6ðT2:334

i ÞÞ=Pi m2=s for i ¼ I; II
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the primary and secondary drying stages needs to be constructed
and solved. In this work, a mathematical model that describes
the dynamic behavior of spray freeze drying both in the porous fro-
zen (partially saturated) region and in the dried region of the mate-
rial being dried, is constructed and used to simulate the dynamic
behavior of the spray freeze drying process.
kI,e = (1 � epb)1.5[2.596 � 10�4(PI|x=0 + PI|x = X) + 0.039806] W/m K
kdes = 6.48 � 10�7 s�1 during the primary drying stage
kdes = 7.8 � 10�5 s�1 during the secondary drying stage
kd,s = 2.596 � 10�4(PII|x = X + PII|x = L) + 0.039806 W/m K
kf,s = 2.56 W/m K
L = 0.01 m
Min = 28.82 kg/kmol
Mw = 18.00 kg/kmol
Po

i ¼ 5:07 Pa, at t = 0 and 0 6 x 6 L for i = I, II
po

in;i ¼ 4:00 Pa, at t = 0 and 0 6 x 6 L for i = I, II
po

w;i ¼ 1:07 Pa, at t = 0 and 0 6 x 6 L for i = I, II
Rg = 8.314 J/K mol
Tlp = Tup = 253.15 K for primary drying stage
Tlp = Tup = 293.15 K for secondary drying stage
Tm = 263.15 K
Tscor = 313.15 K
To

i ¼ 233:15K, at t = 0 and 0 6 � 6 L for i = I, II
DHs = 2687.4 � 103 J/kg
DHv = 2840 � 103 J/kg
ep = 0.785
epb = 0.50
lmx ¼ 18:4558� 10�7½T1:5

i =ðTi þ 650Þ�kg=m s for i = I, II
qd;s ¼ 328½ð1þ cswÞ=ð1þ co

swÞ� kg=m3

qd,s,f = 199.817 kg/m3

qf,s = 1030 kg/m3

qIecpIe ffi (1 � epb)qd,s cpd,s

sI ¼
ffiffiffi
2
p

dimensionless
sII ¼

ffiffiffi
2
p

dimensionless
2. System formulation

In Fig. 1a and b diagrams of a material on a tray and in a vial
during spray freeze drying, respectively, are presented. The vari-
ables X and Z = H(t,r) represent the position of the moving sublima-
tion interface (front) between the partially saturated porous frozen
layer II formed from the packed frozen particles and the porous
dried layer I of the material on a tray and in a vial, respectively.
In the pores of the porous frozen layer II, there is movement of
gas (water vapor and inerts) while in the dried layer I there is also
movement of gas and the water vapor is transported through the
bidisperse porous structure of the dried layer I to the drying cham-
ber where it is then removed and condensed in the water vapor
condenser. During the primary drying stage the water vapor is
mainly obtained from sublimation of ice (a negligible amount of
water vapor is obtained from the desorption of bound water during
primary drying [10,11,14]), while during the secondary drying
stage the water vapor is obtained from the desorption of bound
water. The end of the primary drying stage is taken to occur when
(a) X = L for the material being dried on trays [10,14], and (b)
Z = H(t,r) = L for 0 6 r 6 R for the material being dried in vials lo-
cated on trays [11,12,14]. The secondary drying stage begins at
the end of the primary drying stage, and during the secondary dry-
ing stage there is no partially saturated porous frozen layer II and
the only layer that exists is the bidisperse porous dried layer I. The
variables qI, qII, and qIII in Fig. 1 denote the heat fluxes to the mate-
rial supplied from the tray (heating plate) located above the mate-
rial, the heating plate (tray) on which the material is located, and
the drying chamber environment, respectively [10–12,14].
2.1. Mathematical model for the primary drying stage of spray freeze
drying

For primary drying, the energy balance equation in the dried
layer is as follows:

qIecpIe
oT I

ot
¼ r � kIerT Ið Þ � cpg r � ðNt;IT IÞð Þ þ DHvqI

ocsw

ot

� �
ð1Þ

The last term in the right-hand side of Eq. (1) accounts for the
amount of bound water that could possibly be desorbing from the
solute matrix during primary drying; as was indicated above, the
total amount of water being desorbed from the solute matrix during
the primary drying stage has been shown to be negligible
[10,11,14]. The concentration, csw, of bound water has units of kg
water/kg solid and, therefore, the parameter qI in Eq. (1) represents
the density of the solid in the dried layer I (see Eq. (15) in this
work). For the physical parameters qIe, cpIe, and kIe of the dried layer
I, effective parameters are considered based on volume-averaging
theory [37] to describe the physical properties of the gas and solid
phases [10,11], and the expressions for estimating the values of kIe

and the term qIecpIe in Eq. (1) are given in Table 1. The variable Nt,I

represents the total mass flux vector (Nt,I = Nw,I + Nin,I) which is
equal to the sum of the mass flux vectors of water vapor and inerts
(e.g., air). The constitutive equations used in this work for the mass
flux vectors Nw,I and Nin,I are from the dusty-gas model [10–
12,14,38–41] and their form for the water and inert (e.g., air) gas
species present in the pores of the dried layer I are:
Nw;I ¼ �
Mw

RgT I
k1;Irpw;I þ k2;Ipw; IrPI
� �

ð2Þ

Nin;I ¼ �
Min

RgT I
k3;Irpin;I þ k4;Ipin; IrPI
� �

ð3Þ

The expressions for k1,I, k2,I, k3,I, and k4,I are presented in the nomen-
clature of this paper; these parameters account for the transport of
water vapor and inerts in the dried layer I by Darcy’s flow (viscous
flow), Knudsen diffusion, and bulk binary diffusion; the total pres-
sure, PI, in Eqs. (2) and (3) is equal to the sum of pw,I and pin,I (PI =
pw,I + pin,I). The dusty-gas model has the major advantage of not
requiring detailed information [38–41] about the porous structure
of the dried layer I; if one has a rather detailed information of the
pore structure of the dried layer I obtained from high-resolution
optical microscopy [42–44] methods, then pore network theory
[27–29] could be used to determine even more accurately the trans-
port of heat and mass in the porous dried layer I. An estimate for the
value of Darcy’s flow permeability, C01 could be obtained from the
Blake–Kozeny correlation [21]

C01;I ffi
e3

pb

150 1� epb
� �2 d2

p ð4Þ

where dp denotes the diameter of the frozen particles that were
packed on the tray or in vial forming a packed bed of particles,
and epb represents the porosity of the formed packed bed. It is
important to note here that experimental evidence [1–4,6,8] indi-
cates that the dimensional change of the spray frozen particles dur-
ing primary and secondary drying is so small that it can be
neglected, and, therefore, the value of dp used in Eq. (4) can be con-
sidered to be approximately equal to the value of the diameter of
the frozen particles that were packed to form a packed bed before
primary drying started. This experimental evidence also indicates
that the particle size (diameter) can be directly controlled by chang-
ing the atomizing conditions and, furthermore, since there is
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minimal change in the particle diameter, dp, during drying, the
macroporosity epb of the dried layer I will be approximately equal
to the porosity epb of the partially saturated porous frozen layer II
formed from the packing of the frozen particles whose diameter is
dp. The macroporosity, epb, of the dried layer I can interact with
the porosity, ep, of the dried porous particles (after the ice has sub-
limated from a frozen particle, the particle acquires a porous struc-
ture whose solid material is comprised of the solute of interest and
on the matrix of the solute there is bound (sorbed) water), but the
effects of heat and mass transfer resistance within the porous par-
ticles are considered to be negligible because the size (diameter) of
the particles used in the production of pulmonary aerosols is small
(11–18 lm) and, therefore, since the size of the characteristic
dimension of the particles is significantly much smaller than the
size of the characteristic dimension of the packed bed formed by
the packing of the particles, the lengths of the conductive pathways
for heat and mass transfer within the porous particles will be sub-
stantially much smaller than the lengths of the conductive path-
ways for heat and mass transfer in the packed bed. But, of course,
it is worth mentioning here that one could consider the heat and
mass transfer resistances within the particles by employing the
modeling approach for heat and mass transfer in porous particles
presented in References [20,27,40,41] and, therefore, one could then
quantitatively ascertain their relative effect to the overall heat and
mass transfer resistances in the packed bed; it is important to indi-
cate that, in this case, a moving sublimation interface that separates
the porous dried layer surrounding the ice core of each particle will
have to be considered (in addition to the moving sublimation inter-
face that separates the porous dried layer I from the porous frozen
layer II, as per Fig. 1, and the energy and material balances at this
moving sublimation interface are presented in Eqs. (25) and (26)
of this work) and this will significantly complicate the structure
of the mathematical model as well as its solution. The mean pore
diameter, dpore, formed from the packing of the particles can be esti-
mated from the hydraulic diameter [21] as follows:

dpore ¼
1
3

� �
epb

1� epb

� �
dp ð5Þ

It should be noted here that in spray freeze drying, as Eq. (5) indi-
cates, the mean size of the pores of the packed bed formed from
the packing of the particles of the material in a container (tray or
vial), is determined by the particle diameter, dp, and the packing
porosity, epb, and, for instance, if epb = 0.50 and dp = 15 lm, then
the value of dpore from Eq. (5) is about 5 lm. But this mean pore size
is significantly smaller than the mean pore size encountered in the
dried layer of a material undergoing conventional freeze drying
where the pores of the dried layer [14] depend on the size of the
ice crystals which can grow even larger than 50 lm due to the slow
freezing rates [14,15] that can be employed in the freezing stage of
conventional freeze drying; furthermore, the mass transfer resis-
tance of solution based materials (conventional freeze drying) can
be further reduced by an annealing process employed before the
start of the primary drying stage. However, the size of the pores,
dpore, of the porous frozen layer II of particle based materials is
determined by the particle size, dp, and the packing porosity, epb,
and, furthermore, the annealing procedure has little effect on the
pore diameter, dpore. The fact that the pores of the dried layer in
conventional freeze drying can be significantly larger than those
in spray freeze drying, would suggest that the mass transfer resis-
tance in the dried layer of a material undergoing spray freeze drying
is larger than that would be encountered in the dried layer of the
same material undergoing conventional freeze drying, considering,
of course, that the pore connectivity [27–29,43] of the porous mate-
rial for both solution based freeze drying (conventional freeze dry-
ing) and particle based freeze drying (spray freeze drying) is high. It
is very important to emphasize that even if the pores of a porous
medium are large, the resistance to mass transfer could be high if
the pore connectivity [27–29,43] is low. The removal of bound
water is modeled by the following expression [10,11,14]:

ocsw

ot
¼ �kdescsw ð6Þ

As discussed earlier, the porosity of the particles, ep, resulting
after the primary drying stage of the packed frozen particles has
been completed, is determined by the initial formulation of the
solution, while the porous structure of the packed bed of frozen
particles is defined by the packing porosity epb and the particle
diameter dp. The porous frozen layer II is partially saturated and
the ice saturation, S (the symbol S for denoting the ice saturation
and used by Wang and Shi [25] is also employed here but its def-
inition is different than that in Reference [25] because the system
studied in this work is very different than that examined by Wang
and Shi [25]) is defined here as the fraction of the ice volume to the
pore volume in the particle

S ¼
4
3 eppd3

ice
4
3 eppd3

p

¼ dice

dp

� �3

ð7Þ

where the parameter dice represents the diameter of an ice core
in the particle that becomes smaller as drying proceeds. In other
words, the ice core of the particle is surrounded by a porous
dried layer and the size dice of the ice core decreases with time
as drying proceeds. It should be noted here that the thermal
conductivity of the dried porous layer (dp � dice) that surrounds
the ice core is significantly lower than the thermal conductivity
of the frozen solution in the ice core, but because the character-
istic dimension of the particles is substantially much smaller
than the characteristic dimension of the packed bed formed by
the packing of the frozen particles, the conductive pathways in
the particles for mass and heat transfer are substantially much
smaller than those in the packed bed and, thus, the resistances
for heat and mass transfer in the individual particles are consid-
ered to be negligible relative to those in the packed bed, as dis-
cussed earlier. The energy balance in the porous frozen layer II is
given by Eq. (8)

qIIcpII
oT II

ot

� �
¼ r � kIIrT IIð Þ � cpg r � Nt;IIT IIð Þð Þ

þ DHs qf � qdð Þ oS
ot
þ DHvqI

ocsw

ot

� �
ð8Þ

By using a volume-averaging approach [37,45], the parameters qII,
qIIcpII, qf, qd, qd,s, qI, and kII can be determined from the following
expressions:

qII ffi Savqf þ 1� Savð Þqd

ffi 1� epb
� �

Savqf ;s þ 1� Savð Þqd; s

� �
ð9Þ

qIIcpII ffi Savqf cpf þ 1� Savð Þqdcpd

ffi 1� epb
� �

Savqf ;scpf ;s þ 1� Savð Þqd;scpd;s

� �
ð10Þ

kII ffi Savkf þ 1� Savð Þkd

ffi Sav 1� epb
� �1:5kf ;s þ 1� Savð Þ 1� epb

� �1:5kd;s ð11Þ
qf ¼ 1� epb

� �
qf ;s ð12Þ

qd ¼ 1� epb
� �

qd;s ð13Þ
qd;s ¼ ð1þ cswÞqd;s;f ð14Þ
qI ¼ 1� epb

� �
qd;s;f ð15Þ

In Eqs. (9)–(13), Sav represents the volume-averaged ice saturation
(0 6 Sav 6 1) given by Eq. (16)
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Sav ¼
1

V II;p

� �Z V II;p

0
SdV II;p ð16Þ

where VII,p represents the volume of the porous frozen region II
occupied by the particles. Furthermore, (i) qf and qd denote the
apparent density of a frozen particle based material (Sav = 1) and
of a dried particle based material after primary drying (Sav = 0),
respectively, (ii) cpf and cpd represent the apparent heat capaci-
ties of a frozen (Sav = 1) and dried (Sav = 0) particle based mate-
rial, respectively, (iii) kf and kd are the apparent thermal
conductivities of a frozen (Sav = 1) and dried (Sav = 0) particle
based material, respectively, (iv) qf,s and qd,s represent the den-
sities of frozen and dried solution based material, respectively,
(v) qd,s,f is the density of the solution based material when it
is fully dried and both forms of frozen and sorbed water have
been removed, (vi) cpf,s and cpd,s denote the heat capacities of
frozen and dried solution based material, respectively, and (vii)
kf,s and kf,d are the thermal conductivities of frozen and dried
solution based material, respectively. In Eq. (8) the amount of
energy used to remove bound (sorbed) water from the matrix
of the solute in the particles is considered, but the amount of
sorbed water removed during primary drying from the matrix
of the solute in the porous frozen layer II is usually negligible.
Also, from Eq. (11) it can be observed that the value of the ther-
mal conductivity, kII, of the porous frozen layer II can be signif-
icantly lower than the thermal conductivity, kf,s, of the frozen
solution based material, and, thus, the conduction of heat in
the porous frozen layer II of a material undergoing spray freeze
drying could be substantially lower than the conduction of heat
in the frozen solution of the material undergoing conventional
freeze drying . The total mass flux Nt,II of water vapor and inerts
(Nt,II = Nw,II + Nin,II) can be determined from Eqs. (17) and (18)

Nw;II ¼ �
Mw

RgT II
k1;IIrpw;II þ k2;IIpw;IIrPII
� �

ð17Þ

Nin;II ¼ �
Min

RgT II
k3;IIrpin;II þ k4;IIpin;IIrPII
� �

ð18Þ

The reason that the parameters k1,II, k2,II, k3,II, and k4,II, have dif-
ferent values in the porous frozen layer II than the values of the
parameters k1,I, k2,I, k3,I, and k4,I of the porous dried layer I is due
to the fact that the temperature, the total pressure, and the partial
pressures of water vapor and inerts are different in the two porous
layers.

The continuity equations for the water vapor and the inert gas
(e.g., air) in the pores of the porous dried (I) and porous frozen
(II) layers have the following forms:

et;IMw

RgT I

opw;I

ot

� �
¼ �r � Nw;I � qI

ocsw

ot
ð19Þ

et;IMin

RgT I

opin;I

ot

� �
¼ �r � Nin;I ð20Þ

Mw

RgT II

o et;IIpw;II

� �
ot

� �
¼ �r � Nw;II � ðqf � qdÞ

oS
ot
� qI

ocsw

ot
ð21Þ

Min

RgT II

o et;IIpin;II

� �
ot

� �
¼ �r � Nin;II ð22Þ

The total pressure, PII, in Eqs. (17) and (18) is equal to the sum of
pw,II and pin,II, (PII = pw,II + pin,II). In Eq. (21), the value of ice satura-
tion, S, is greater than zero (S > 0) and, therefore, the pressure of
water vapor, pw,II, in the porous frozen layer II is directly deter-
mined from the saturated water vapor pressure psat

w ðT IIÞ. Marti
and Mauersberger [46] have provided an expression for psat

w ðTÞ
based on new measurements of ice vapor pressures at tempera-
tures between 170 K and the triple point of water which is as
follows:
pw;II ¼ psat
w ðT IIÞ ¼ 10ð�2663:5=T IIÞþ12:537 ð23Þ

Therefore, for values of S > 0, the term opw,II/ot in Eq. (21) could be
determined from the expression

opw;II

ot
¼ dpsat

w

dT II

oT II

ot
ð24Þ

where the term oTII/ot is determined from the solution of Eq. (8).
The evolution of ice saturation, S, is then determined from the solu-
tion of Eq. (21) which states that the change in the value of ice sat-
uration, S, with time in a finite volume element of the porous frozen
layer II is equal to the sum of the water vapor that leaves the vol-
ume element and the change in the water vapor that is contained
in the volume element. If the value of ice saturation, S, at a certain
time and local position within the porous frozen layer II becomes
greater than one (S > 1), this would indicate that water vapor pro-
duced by sublimation near the bottom, L, of the sample due to heat
supplied by the lower heating plate (see Fig. 1), would have been
redistributed by transport in the porous frozen layer II and at that
certain time and local position in the porous frozen layer II the local
temperature TII would have been such that the water vapor could
have been condensed and considered to be deposited as ice around
the particles. In Eqs. (19) and (20), et,I represents the total porosity
of the dried layer I which is obtained from the expression

et;I ¼ epb þ 1� epb
� �

ep ð25Þ

In Eqs. (21) and (22), et,II represents the total porosity of the porous
frozen layer II and its value varies with time because the value of
the volume-averaged ice saturation, Sav, varies with time, and,
therefore, the porosity, ep,II, in the particles of the porous frozen
layer II varies with time. The values of ep,II and et,II can be deter-
mined from the following expressions:

ep;II ¼ ep 1� Savð Þ ð26Þ
et;II ¼ epb þ 1� epb

� �
ep;II

¼ epb þ 1� epb
� �

ep 1� Savð Þ ð27Þ

Therefore, at the end of primary drying Sav = 0 and et,II will be equal
to et,I.

An energy balance at the moving sublimation interface (x = X for
planar geometry involving bulk spray freeze drying on trays and
z = Z = H(t,r) for spray freeze drying in vials on trays [10,11,14],
as per Fig. 1a and b, respectively) whose thickness is taken to be
infinitesimal [10,11,14] gives

� �kIIrT IIð Þ � ninterf þ �kIerT Ið Þ � ninterf

þ qIIcpIIT II � qIcpIT I
� �

V � ninterf þ cpgT interf Nt; interf

¼ �DHsNw;interf ð28Þ

In Eq. (28), ninterf denotes the normal vector to the moving sublima-
tion interface, Tinterf denotes the temperature of the interface
(Tinterf = TI = TII at the moving sublimation interface), Nw,interf is the
mass flux of water vapor at the moving interface, Nt,interf is the total
mass flux of water vapor and inerts at the moving interface, and V
denotes the velocity of the moving interface. A material balance
at the moving interface defines the velocity, V [10,11,14], and gives

V ¼ �Nw;interf

qII � qI
at the moving interface for t P 0 ð29Þ

If Nw;Ijinterf� represents the mass flux of water vapor in the dried
layer I immediately above the moving interface and Nw;IIjinterfþ

denotes the mass flux of water vapor in the porous frozen layer II
immediately below the interface, then a water vapor mass balance
at the moving sublimation front would give

Nw;Ij � � Nw;IIj þ ¼ Nw;interf for t P 0 ð30Þ
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In order to quantify the contributions of Nw;Ijinterf� and Nw;IIjinterfþ

to the drying rate per unit surface area, a new parameter f is defined
as

f ¼ Nw;IIjinterfþ

Nw;Ijinterf�
ð31Þ

where f represents the influence of sublimation phenomena in the
porous frozen layer II on heat and mass transfer during the primary
drying stage.

The initial and boundary conditions for Eqs. (1), (6), (8), (19),
(20), and (29) for the cases of (a) bulk spray freeze drying on
trays, and (b) spray freeze drying in vials on trays, can be found
in References [10–12,14,47] because the initial and boundary
conditions for the above mentioned equations of spray freeze
drying have the same form and structure as those employed in
conventional freeze drying . The initial and boundary conditions
for Eqs. (21) and (22) which provide the evolution of the ice sat-
uration, S, and the time varying distribution of the partial pres-
sure, pin,II, of the inerts (e.g., air) in the pores of the porous
frozen layer II (the time varying distributions of the partial pres-
sure of water vapor, pw,II, in the pores of the porous frozen layer
II is determined from Eqs. (23) and (24)), respectively, are as
follows:

at t ¼ 0; S ¼ 1 everywhere in the porous frozen layer II ð32Þ
at t ¼ 0;pin;II ¼ po

in;II everywhere in the porous

frozen layer II ð33Þ
at impermeable surfaces; rpin; II ¼ 0; for t P 0 ð34Þ
at a centerline of symmetry;rpin; II ¼ 0; for t P 0 ð35Þ

Eqs. (1)–(29) and (32)–(35) represent the mathematical model
that could be used to describe the dynamic behavior of the pri-
mary drying stage of spray freeze drying. It is very important to
indicate here that the control variables represented by the heat
inputs qI and qII and the pressure in the drying chamber Pdcham

[10–12,14,47] have to have dynamic values during the primary
drying stage such that (i) the temperature, Tinterf, of the moving
interface and the temperature, TII, in the region of the porous
frozen layer II having S > 0 are always less [10–12,14] than the
melting temperature Tm of the frozen material (Tm represents
the glass temperature for amorphous formulations while for to-
tally crystalline formulations Tm represents the eutectic temper-
ature), and (ii) the temperature, TI, in the porous dried layer I
and the temperature, TII, in the porous frozen layer II having
S = 0 are always less than the scorch temperature, Tscor, of the
dried material [10–12,14]. Also, the model presented in this sec-
tion could be used to describe the dynamic behavior of the pri-
mary drying stage of a process involving the drying of frozen
particles in packed beds.

2.2. Mathematical model for the secondary drying stage of spray freeze
drying

During the secondary drying stage, there is no longer a porous
frozen layer II present, and the transport equations now concern
only TI, pw,I, and pin,I in the porous dried layer I; during the sec-
ondary drying stage, bound (sorbed) water is removed from the
matrix of the solute in the porous dried layer I and the end of
the secondary drying stage occurs when the average concentra-
tion of bound water in the matrix of the solute has reached a
desirable value so that the stability and quality of bioactivity
of the dried material of interest will remain high for a long per-
iod of time [10–12,14,47]. Furthermore, since during the second-
ary drying stage there is present only the porous dried layer I, it
is apparent that there is no moving sublimation interface be-
cause there is no longer a porous frozen layer II in the material
being dried. The energy and material balance equations in the
dried layer I during the secondary drying stage, are given by
Eqs. (1), (6), (19) and (20). The initial conditions for Eqs. (1),
(6), (19) and (20) are given by the spatial profiles of TI, csw,
pw,I and pin,I, respectively, at the end of the primary drying stage
[10–12,14,47]. The boundary conditions for Eqs. (1), (6), (19) and
(20) for the cases of (a) bulk spray freeze drying on trays, and (b)
spray freeze drying in vials on trays, can be found in References
[10–12,14,47] because the boundary conditions for Eqs. (1), (6),
(19) and (20) have the same form and structure as those em-
ployed in conventional freeze drying.

Eqs. (1), (6), (19) and (20) represent the mathematical model
that could be used to describe the dynamic behavior of the second-
ary drying stage of spray freeze drying. It should be indicated here
that the control variables qI, qII, and Pdcham have to have dynamic
values during the secondary drying stage such that the tempera-
ture, TI, everywhere in the porous dried layer I is kept below the va-
lue of the scorch temperature, Tscor, of the dried material [10–
12,14,47]. Furthermore, the model presented in this section could
be used to describe the dynamic behavior of the secondary drying
stage of a process involving the drying of frozen particles in packed
beds.

3. Results and discussion

The mathematical model constructed and presented in Sec-
tions 2.1 and 2.2 of this work was numerically solved through
the use of the method of orthogonal collocation [10,11] and
simulation results are presented in this work for the spray
freeze drying of skim milk on trays, as per Fig. 1a; skim milk
was selected because it could be considered as a complex phar-
maceutical product in the sense that it contains enzymes and
proteins [10–14]. The values of the parameters C01,i, C1,i, and
C2,i (i = I, II) that are required for the determination of the
dusty-gas [10–14,38–41] variables k1,i, k2,i, k3,i, and k4,i (i = I, II)
in the porous dried layer I and in the porous frozen layer II
are estimated from the following expressions:

C01;i ffi C01;II ffi
e3

pb

150 1� epb
� �2 d2

p ð36Þ

C1;I ffi
et;I=sIð Þ48:5dpore

R0:5
g

¼
epb þ 1� epb

� �
ep

� �
=
ffiffiffi
2
p� �

48:5dpore

R0:5
g

ð37Þ

C1;II ffi
et;II=sIIð Þ48:5dpore

R0:5
g

¼
epb þ 1� epb

� �
ep

� �
1� Savð Þ=

ffiffiffi
2
p� �

48:5dpore

R0:5
g

ð38Þ

C2;I ffi
et; I

sI
¼
ðepb þ 1� epb

� �
epÞffiffiffi

2
p ð39Þ

C2;II ffi
et; II

sII
¼
ðepb þ 1� epb

� �
ep 1� Savð ÞÞffiffiffi

2
p ð40Þ

In Eqs. (37)–(40), the parameters sI and sII denote the tortuosity
factor for the porous dried layer I and the porous frozen layer II,
respectively, and the value of the tortuosity factor for both layers
is taken to be equal to

ffiffiffi
2
p

which could provide a reasonable
approximation [40,41,48,49] for the value of the tortuosity factor
for random porous structures whose pores have relatively good
pore connectivity. The value of dpore in Eqs. (37) and (38) is esti-
mated from Eq. (5). The values as well as the expressions by which



Fig. 2. Drying behavior during the primary drying stage of spray freeze drying when L = 1.0 cm, dp = 15 lm, and epb = 0.5. (a) Drying curve. (b) Drying rate.
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the values of the remaining parameters of the model presented in
Section 2 are determined, can be found in Table 1 of Reference [10],
Table 1 of Reference [11], and in Table 1 of this work.

In Fig. 2a, the amount of free water, mw, in the material (in units
of kg/m2) versus time, t, is presented (drying curve) and in Fig. 2b
the mass flux, Nw (t,x = 0), of free water at x = 0 versus time, t, is
shown (drying rate) during the primary drying stage of spray
freeze drying with the value of the porosity of the packed bed of
particles, epb, being equal to 0.5 (see Table 1). The results in
Fig. 2 show that it takes 24.214 h to complete the primary drying
stage of the spray freeze drying system whose parameter values
are given in Table 1. The completion of the primary drying stage
of the conventional freeze drying of the solution based (epb = 0)
skim milk requires 26.064 h. But since the value of epb is equal to
0.5 in the case of the freeze drying system considered here, the
amount of free water to be removed from the particle based skim
milk system by sublimation of ice is about 50% of that removed in
the solution based skim milk system, and, therefore, this result
clearly indicates that the spray freeze drying of a given product
whose thickness in the tray is L would require significantly larger
drying times for the removal of free water by sublimation of ice
than the conventional freeze drying of the same product whose
thickness in the tray is the same as that in the spray freeze drying
system. One major reason for the substantial reduction in the pri-
mary drying rate in spray freeze drying is the fact that the heat
transfer rate in the particle based material is reduced due to the
significant reduction in the value of the effective thermal conduc-
tivity, kII, as can be seen from Eq. (11). For the case where epb = 0.5
and at the start of the primary drying stage (t = 0) when Sav = 1.0,
the value of kII for the particle based material is about 63% of the
value of the thermal conductivity, kf,s, of the frozen solution based
material, while when the value of Sav = 0.5 the value of kII is only
about 32% of the value of kf,s; of course as the primary drying stage
proceeds and Sav ? 0, the value of kII will become about equal to
63% of the value of the thermal conductivity, kd,s, of the dried solu-
tion based material which is only about 2% of the value of kf,s. Fur-
thermore, the drying rate in Fig. 2b of the particle based material is
about half that of the solution based [10] material and also de-
creases more rapidly with time. This finding would suggest that
the mass transfer resistance of a particle based material is substan-
tially larger than that of a solution based material. As we discussed
earlier in this work, the pore sizes of solution based materials de-
pend on the size of the crystals formed during the freezing stage of
the freeze drying process and the crystals in such systems can
grow larger than 50 lm due to the slow freezing rates and the
use of an annealing procedure [14,15]. But the mean pore diame-
ter, dpore, of the particle based material generated by spray freezing
is determined by the particle size, dp, and the porosity of the pack-
ing, epb, of the particles as Eq. (5) indicates; for the particle based
material considered in this work with dp = 15 lm and epb = 0.5,
the mean pore diameter, dpore, is only 5 lm. Therefore, the values
of the parameters that characterize the rate of mass transfer by
Darcy’s flow and Knudsen and bulk diffusion (see Eqs. (2), (3),
(17) and (18)) and which depend on the magnitude of the pore
sizes in the material being dried, will be smaller in the case of par-
ticle based material than the values of the same parameters in the
case of solution based material, and, thus, the mass transfer resis-
tance of a particle based material will be larger than that of a
solution based material.

In Fig. 3a, the temperatures at x = 0, x = X (position of moving
sublimation interface), and x = L for the particle based material
are plotted versus time during the primary drying stage of the



Fig. 3. Primary drying stage of spray freeze drying when L = 1.0 cm, dp = 15 lm, and epb = 0.5. (a) Dynamic behavior of temperature at positions x = 0, x = X and x = L. (b)
Dynamic behavior of the water vapor pressure, pw, at position x = L.
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spray freeze drying process. The temperature TI (t,x = 0) is highest
while the temperature at the sublimation interface, TX = TI (t,x = X),
is the lowest due to the consumption of energy for the sublimation
of ice. But the temperature difference inside the particle based
material is small, as was the case with the solution based [10]
material, and less than about 3 �C throughout the primary drying
stage of the spray freeze drying process. Of course, the temperature
level of the solution based [10] material is substantially lower than
that of the particle based product by about 10 �C and this is par-
tially due to the higher thermal conductivity of the solution based
[10] material, as was discussed above for the results in Fig. 2. In
Fig. 3b, the partial pressure of water vapor at x = L for the particle
based material is plotted versus time during the primary drying
stage of the spray freeze drying process. It can be observed that
the value of pw,II(t,x = L) increases with time in order to overcome
the increased mass transfer resistance due to the increasing with
time size of the dried layer I. By recalling that the drying rate of
the particle based material is about half of that of the solution
based material, the mass transfer resistance of the particle based
material is estimated to be about five times larger than that of
the solution based material. The increased mass transfer resistance
of the particle based material requires a higher water vapor pres-
sure, pw,II, and, of course, a higher total pressure PII, for mass trans-
fer, and this increases the temperature in the material being dried;
the increased mass transfer resistance in the particle based mate-
rial represents another reason (apart from the reason due to the
lower thermal conductivity of the particle based material) for the
higher temperature level encountered in the particle based mate-
rial when compared with the temperature level obtained [10] in
the solution based material.
In Fig. 4, the distribution of ice saturation, S, in the particle
based material is presented at selected times during the primary
drying stage of the spray freeze drying process. For times t P 8 h
a secondary dried layer near the surface of the lower heating plate
(x ffi L) is being developed and the water vapor generated near the
position x ffi L (see Fig. 1a) is redistributed at positions x < L as the
deposition of ice around the particles, as is indicated by having the
ice saturation attaining values greater than unity (S > 1). It has
been well established [10,11,14] that in freeze drying systems
the primary source for the energy used in the sublimation of ice
is provided from the lower heating plate by conduction through
the frozen layer II. The small thermal conductivity, kIe, of the dried
layer being formed above the surface of the lower heating plate
and below the decreasing in size porous frozen layer II, reduces
the heat transfer rate from the lower heating plate to the porous
frozen layer II because kIe� kII, and this prolongs the duration of
the primary drying stage of the spray freeze drying process.

In Figs. 5–7 the effect of the structural parameters of product
size, L, particle diameter, dp, and packing porosity, epb, on the dura-
tion of the primary drying stage, tpd, of the spray freeze drying pro-
cess are presented, respectively. The results in Fig. 5 show that as L
increases the value of tpd increases and, of course, a longer primary
drying time results in a larger in size secondary dried layer near the
bottom surface of the particle based material (as was discussed
above for the results in Fig. 4), and this secondary dried layer in
turn decreases the drying rate by reducing the heat transfer from
the lower heating plate to the remaining porous frozen layer II.
For instance, the primary drying time, tpd, for L = 5 mm is 8.857 h,
but when L = 10 mm the value of tpd is 24.214 h, and this indicates
that the duration of the primary drying stage, tpd, was reduced by



Fig. 4. The distribution of ice saturation, S, at different times during the primary drying stage of spray freeze drying when L = 1.0 cm, dp = 15 lm, and epb = 0.5.

Fig. 5. The effect of product height, L, on the drying curve during the primary drying stage of spray freeze drying when dp = 15 lm, and epb = 0.5.

Fig. 6. The effect of particle diameter, dp, on the drying curve during the primary drying stage of spray freeze drying when L = 1.0 cm and epb = 0.5.
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63.42% as a result of a change of the thickness, L, of the product
from 10 to 5 mm; when the value of L increased from 10 to
15 mm, the value of tpd was increased from 24.214 to 46.071 h
indicating an increase of 90.26% in the value of tpd. The results in
Fig. 5 clearly indicate that the duration of the primary drying stage,
tpd, is a nonlinear function of the size L of the material being dried
and numerous simulation results have indicated that this nonlin-
ear effect is strongly dependent on the thickness of the secondary
dried layer formed next to the surface of the lower heating plate.

In Fig. 6, it can be observed that larger diameter, dp, particles re-
sult in a shorter duration of the primary drying stage, tpd; for in-
stance, by increasing the particle diameter from 10 to 20 lm



Fig. 7. The effect of packing porosity, epb, on the drying curve during the primary drying stage of spray freeze drying when L = 1.0 cm and dp = 15 lm.
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decreases the duration of the primary drying stage, tpd, from
31.071 to 22.67 h which corresponds to a reduction in the value
of tpd by 27.04%. It is important to indicate here that the size of
the pores in the particle based material is directly dependent on
the size of the particle, dp, as is shown in Eq. (5), and, therefore,
since the mean pore diameter, dpore, affects the values of the
parameters C1,I and C1,II (see Eqs. (37) and (38)) that characterize
the Knudsen diffusivity that plays a very significant role in mass
transfer at the very low pressures employed in freeze drying, the
mass transfer resistance of the particle based materials becomes
a function of the particle diameter, dp. Furthermore, the values of
the parameters C01,I and C01,II (see Eq. (36)) that characterize
Darcy’s flow (viscous flow) increase as the value of the particle
diameter, dp, increases. However, very large particle diameters
which would produce very large values for dpore, would not sub-
stantially enhance the mass transfer rates in particle based materi-
als because bulk binary diffusion dominates mass transfer when
the value of dpore is very large and makes the Knudsen number
[50] to become small in magnitude.

In Fig. 7, the effect of packing porosity, epb, on the duration of
the primary drying stage, tpd, of spray freeze drying is shown.
The results indicate that as the value of epb increases the value of
tpd decreases and this is primarily due to the fact that the initial
(t = 0) amount of frozen free water decreases as epb increases (see
Fig. 7) and also, for reasons discussed above, the drying rate is en-
hanced as the value of epb increases. The effect of epb is similar to
that of the particle diameter, dp, and larger values of epb generally
result in lower mass transfer resistance and this contributes to the
increase of the drying rate.

4. Conclusions

A mathematical model that can be used to study the dynamic
behavior of the primary and secondary drying stages of spray
freeze drying (freeze drying of particle based materials) in trays
and in vials on trays, was constructed and presented in this work.
The simulation results obtained from spray freeze drying in trays
indicate that reductions in the heat and mass transfer capabilities
of the particle based materials are the main reasons for the longer
drying times required by spray freeze drying when compared to
those required by the freeze drying of solution based materials
(conventional freeze drying). The development of a secondary
dried layer near the surface of the lower heating plate also partially
contributes to the deterioration of the drying rate during the pri-
mary drying stage of spray freeze drying. The results for spray
freeze drying presented in this work, show that the drying rate
during the primary drying stage increases as (i) the product height,
L, decreases, (ii) the particle diameter, dp, increases and (iii) the va-
lue of the packing porosity, epb, increases. The mathematical model
presented in this work is considered to offer a necessary and essen-
tial capability that could be used for the design, optimization, and
control of the spray freeze drying process as well as of a process
involving the drying of frozen particles in packed beds.
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